1 

(TTS-TTSr.-IQ/ni 
hep-lat/01 11046 

Mesons in transverse lattice QCD at strong coupling and large-N* 

Apoorva D. PateP (e-mail: adpatel@cts.iisc.ernet.in) 

a CTS and SERC, Indian Institute of Science, Bangalore-560012, India 

Mesons in large-N QCD are analysed in light-front coordinates with a transverse lattice at strong coupling. In 
this limit, their properties can be expressed as simple renormalisations of the 't Hooft model results. The integral 
eigenvalue equation for the mesons is derived. Spectrum, lightcone wavefunctions and form factors of various 
mesons can be numerically calculated from this equation. 



I have proposed that large-N QCD, with two 
continuous dimensions on the lightcone and two 
transverse dimensions on lattice at strong cou- 
pling, can be a useful phenomenological model of 
certain hadronic properties B . This combination 
of large-N and strong coupling limits is chosen to 
obtain analytically tractable results. The large- 
N limit allows the use of exact results for two 
dimensional QCD while the strong coupling 
limit permits systematic incorporation of the ef- 
fects of additional transverse directions. 

Let fi, v denote the lightcone directions, and i, j 
the lattice directions. The action for the theory 
is (g is held fixed as N — > oo): 

+ iK^2{tp(x)(r + ^ l )U i (x)^(x + ia 1 _) 

i 

+ 4>{x){r -Y)U}(x-ia ± )i)(x-iai_)} (1) 

This action already incorporates g± — » oo, for 
the gauge coupling corresponding to the trans- 
verse directions. The transverse lattice spac- 
ing, aj_, remains finite in this limit. The 
terms, Tr(Ui(x)Uj(x + ia±)U^(x + ja ± )U^(x)) 
and Tr(d tl Ui(x)d fl U^ (x + ia±)), are allowed by 
symmetry considerations, but they have been 
dropped because they are suppressed by inverse 
powers of g± . The functional integral over U± (x) 
reduces to the constraint that in any correlation 

♦Presented at "Lattice 2001", 19-24 August 2001, Berlin, 
Germany. To appear in the proceedings. 



function products of Uj_(x) must contract to a 
colour singlet at each space-time point. 

The specification of lattice fermions is not 
unique, and here I have chosen the nearest neigh- 
bour discretisation, r = 0, 1 correspond to naive 
and Wilson fermions respectively. At weak cou- 
pling k = l/(2aj_), but at strong coupling its 
value is different due to non-perturbative renor- 
malisations. The parameters of the action, that 
have to be fitted to physical results, are therefore 
g 2 /a]_, m and k. 

In this theory, the choice of axial gauge A + = 
reduces the lightcone gauge field dynamics to a 
linear confining potential, just as in the case of the 
't Hooft model. Unlike the 't Hooft model, how- 
ever, the 7— matrices cannot be eliminated from 
fermion propagators and external sources. They 
become the spin-parity labels of hadron states. 

The interplay between large-N and chiral lim- 
its is subtle in the 't Hooft model ||. The chiral 
symmetry is realised in the Berezinskh-Kosterlitz- 
Thouless mode in this two-dimensional theory: 
(tpipixytpipiO)) ~ x- x / N . The large-N limit must 
be taken before taking the chiral limit to ob- 
tain results relevant to QCD. Contributions from 
graphs involving non-planar pions are suppressed 
by inverse powers of N, but are enhanced by in- 
verse powers of m v . If the chiral limit is taken 
before the large-N limit, one obtains the wrong 
phase of the theory with massless baryons. If the 
large-N limit is taken first, then the baryons be- 
come infinitely massive solitons and it is not easy 
to obtain results for them. Properties of mesons 
can be extracted in a straightforward manner, 
however, following the analysis of 't Hooft. 

The large-N and transverse strong coupling 
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limits separate the hadron Green functions 
into two types of non-overlapping factors — 
propagators along the lightcone and hops along 
the transverse lattice |jl|. The two factors can be 
evaluated separately and then combined to yield 
the final results. 

The first step is to obtain the renormalised 
quark propagator. For the quark propagator 
along the lightcone, the self-energy term consists 
of two contributions depicted in Fig.l. (a) is the 
contribution evaluated by 't Hooft, 



£ 2 d(p) = 



2ira 2 ± p- 



(2) 



(b) is the new contribution due to the transverse 
lattice — it is a scalar tadpole term, T. Both types 
of insertions are easily summed up as geometric 
series. The sum of tadpole insertions renormalises 
the quark mass, and the sum of gluon corrections 
shifts the pole position. The quark propagator 
along the lightcone thus becomes 



S(p) 



i> - ^2d(p) -m — T 
i{j> - ^2d{p) + rr 



T) 



2 P+P - - (m + T) 2 + {g 2 /-Ka\) 



(3) 
(4) 



The lightcone 7— matrix algebra implies that the 
part of S(p) proportional to 7" is the most impor- 
tant for calculations of hadron Green functions. 





(a) 



(b) 



Figure 1. Self energy contributions to the quark 
propagator: (a) gluonic correction from the con- 
tinuous dimensions, (b) tadpole correction due to 
hops in the lattice directions. Fermion line with 
a filled dot denotes the full quark propagator. 

Quark hops along the transverse lattice con- 
tribute the factors in(r ± 7') exp(±ipi<i±) to the 
propagator. These hops are also renormalised by 
tadpole insertions, which can be taken into ac- 
count by replacing n with k = k/(1 — T±). Both 



T and Tj_ are calculable functions of the parame- 
ters in the action. But they always appear in par- 
ticular combinations, and so one can parametrise 



the results in terms of g /a\, 



m 



m + T and 



k. (It can be noted that the tadpole corrections 
vanish for Wilson fermions due to their projection 
operator spin propagator structure.) 

The meson propagator is obtained by including 
interactions between the renormalised quark and 
antiquark propagators. There are two types of in- 
teractions, as shown in Fig. 2. (a) is the gluon ex- 
change in the continuous dimensions, and 't Hooft 
showed that it produces a linear confining poten- 
tial between the quark and the antiquark. 



V 2d = 



P 



a 2 ± (k.y 



h + ® (7+) 



+ \T1 



(5) 



Here k is the gluon momentum and the direct 
product sign separates the spin factors acting on 
quark and antiquark propagators, (b) is the new 
interaction which collapses the quark and the an- 
tiquark into a colour singlet meson and then hops 
the meson along the lattice directions. 



Un) exp(±ipia±) 
■ [(r ± 7 l ) ® (r T lY] , (6) 



where x and y are quark and antiquark positions, 
and p is the meson momentum. The position 
space 5— function constraint translates into a mo- 
mentum space interaction that is independent of 
the relative momentum k„. 



(a) 



Figure 2. The interactions between quark and 
anti-quark in a meson: (a) gluon exchange in the 
continuous dimensions, (b) colour singlet hops in 
the lattice directions. Fermion line with a filled 
dot denotes the full quark propagator. 

The two types of interactions do not mix with 
each other, and just produce a series of ladder 
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diagrams. The properties of the meson poles of 
the Green functions are easily extracted from a 
Bcthe-Salpeter equation, which sums up the lad- 
der diagrams. For a meson state with spin-parity 
structure T, let 



ifc(p,q) = (i>(p - q)Tip(q)\Meson r {p)) , 
<h(p,9-) = / d 2 q±dq + ipr(p,q) ■ 



(7) 
(8) 



Only cj>Y (p, g_ ) appear in the Bethe-Salpeter 
equation, because the interactions in Eqs.(5,6) 
do not depend on q±,q + . Indeed <fir (p, q~ ) are 
the lightcone wavefunctions of the quarks in the 
mesons. They satisfy the integral equations 

Tcfc(P,q-) = S(p-q)TS(-q) 

^[V 2d + V ± ]MP,k-) .(9) 

It is implicitly understood here that the spin 
factors are ordered along the fermion line. In 
general, the equations for different spin-parity 
structures T are coupled. The eigenstates can 
be found by diagonalising the T— dependent in- 
tegral equations, as in the case of conventional 
strong coupling expansions Q . Integral equations 
for mesons with unequal quark masses are ob- 
tained by inserting appropriate quark masses in 
the propagators S and replacing k 2 by k{k2- 

The transverse lattice directions explicitly 
break the rotational symmetry. Still parity 
is a good quantum number, and helicity can 
be defined modulo 4 on the hypercubic lat- 
tice. They restrict the mixing amongst various 
T— structures. While perfect rotational symme- 
try cannot be realised, the free parameters of the 
theory, g 2 /a,j_ and re, can be non-perturbatively 
fixed, by demanding that (i) various helicity 
states belonging to the same angular momentum 
multiplet be as degenerate as possible, and (ii) 
the dispersion relation for mesons be as close to 
the rotationally symmetric situation as possible. 

Even without explicitly solving the integral 
equations, it can be inferred that the meson spec- 
trum consists of a tower of states in each quantum 
number channel, and the towers of states with 
different spin form a set of parallel trajectories 



The separations between trajectories depend 
on the type of transverse lattice discretisation of 
fermions. Such a behaviour is expected from a 
successful combination of the 't Hooft model re- 
sults and strong coupling features. 

Explicitly, the integral over q + in Eq.(9) was 
evaluated by 't Hooft, and the integral of the 
new interaction V± over /c_ is just a constant. 
The numerical value of the constant depends on 
r through the commutation properties of various 
spin factors, and so the meson poles for differ- 
ent T— structures are shifted with respect to each 
other. (From results of conventional strong cou- 
pling expansions one can guess that the shifts are 
essentially independent of the quark masses.) 

The actual solutions for the meson spectrum 
and 4>r have to be obtained numerically. The use- 
fulness of the extreme transverse strong coupling 
and large-N limit of QCD can only be judged by 
how well the results fit the experimental data. 
I expect the formalism to provide a good phc- 
nomcnological description of deep inelastic scat- 
tering, because there the transverse dimensions 
contribute only at subleading order and so it 
should not matter much if they are highly dis- 
torted by a coarse lattice. The methodology to 
extract structure functions and form factors from 
moments of </>r already exists in the case of 't 
Hooft model J5|,[| , and it is straightforward to ex- 
tend that to the transverse lattice geometry. De- 
tailed numerical analysis of all this is in progress. 
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